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(1) $a^{x}+b^{y}=c^{z},$ $x,y,z\in \mathbb{N}$
$(a, b,c)$ (1)
$a,b,c$ (1)




$(a, b, c)$ (1)
[14], [28], [33], [37]
(1) $l_{\llcorner}^{-}$
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Theorem (Mahler $[26]$ -Gel‘fond [12]). (1)
Mahler Siegel
effective Gel‘fond Baker
effectively ’effectively’ $a,$ $b,$ $c$
$a,$ $b,$ $c$ $C=C(a, b, c)$
(1) $(X, y, z)$ $x,$ $y,$ $z<C$
$C$ [2], [11]
$S$- Hirata-Kohno $x>1,$ $y>1,$ $z>1$
(1) 236 ([15]).
([4], [21], [36] ).
Conjecture (Terai conjecture). $x>1,$ $y>1,$ $z>1$ (1)
1
Fermat
$X^{p}+Y^{q}=Z^{r}$ Beal $s$ conjecture [27] (
Fermat [1], [10] ). Terai
conjecture
Terai conjecture $(a, b, c)$ $p>1,$ $q>$
$1,$ $r>1$
$a^{p}+b^{q}=c^{r}$
$\underline{p=q=r=2}$ $p=q=2$ , r $=$ $($ $\geq 3)$
$p=q=r=2$ (
[4], [5], [6], [22], [23], [24] ).
$(a, b, c)$ $a^{2}+b^{2}=c^{2}$
( ).
(1)
Sierpi\’{n}ski $(a, b, c)=(3,4,5)$ (1)
$(X, y, z)=(2,2,2)$ ([35]). 1956 Je\’{s}manowicz
Sierpi\’{n}ski (1) $(a, b, c)=$
$(5,12,13),$ $(7,24,25),$ $(9,40,41),$ $(11,60,61)l_{\llcorner}^{-}$
$(x, y, z)=(2,2,2)$
Conjecture (Je\’{s}manowicz [16]). $(a, b, c)$ $a^{2}+b^{2}=c^{2}$






$m>n>$ O, gcd$(m, n)=1,$ $m\not\equiv n$ $(mod 2)$
Je\’{s}manowicz
Conjectute (J). $m,$ $n$
$m>n>$ O, gcd$(m, n)=1,$ $m\not\equiv n$ $(mod 2)$ .




$($ $a=m^{2}-n^{2},$ $b=2mn,$ $c=m^{2}+n^{2}$ $)$
. $(a, b, c)=(3,4,5)$ (Sierpi\’{n}ski [35]),. $(a, b, c)=(5,12,13),$ $(7,24,25),$ $(9,40,41),$ $(11,60,61)$ (Jesmanowicz [16]),. $n=1$ (Lu [25]),. $m-n=1$ (Ko [17, 18], Podsypanin [34], Dem’janenko [7]).
Ko, Podsy-
panin Dem’janenko
$m,$ $n$. $mn\equiv 2(mod 4),$ $m^{2}+n^{2}$ (Le [19]),. $m\equiv 2(mod 4),$ $n\equiv 3(mod 4),$ $m\geq 81n$ (Le [20]),





$($ $mn\equiv 2(mod 4))$
(J)
(J) $x,$ $y,$ $z$
$mn\equiv 2(mod 4)$
Cao $m,$ $n$ $x,$ $y,$ $z$
(Lemmal ). $mn\equiv 2(mod 4)$
$x,$ $y,$ $z$ $x=y=z=2$
([13]).
$mn\equiv 0(mod 4)$ (J)
Main Theorem (Theorem 1.5 [29]). $m,n$
$m\equiv 4$ $(mod 8),$ $n\equiv 7$ $(mod 16)$
$m\equiv 7$ $(mod 16),$ $n\equiv 4$ $(mod 8)$
(J)
Main Theorem $mn$ ( ) 4
$mn\equiv 0(mod 4)$
Main Theorem Deng, Cohen [9] Miyazaki [29] (
)
2. Preliminaries for Main Theorem
$(x, y, z)$ (2) $x,$ $y,$ $z$
lemma
Lemma 1.
(i) $m\not\equiv 1$ $(mod 4)$ 2 $|x$ .
(ii) $m+n\equiv 7$ $(mod 8)$ 2 $|y$ .
(iii) $m+n\equiv 3$ $(mod 8)$ 2 $|z$ .
(iv) $m-n\equiv\pm 3$ $(mod 8)$ $y\equiv z$ $(mod 2)$ .
Proof. $(*)/(*)$ Jacobi
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(i) $m$ $n$ 4
1 (2)
$(-1)^{x}\equiv 1$ $(mod 4)$
2 $|x$ .
$m\equiv 3(mod 4)$ (2) $m$
$(-n^{2})^{x}\equiv n^{2}$ $(mod m)$ .
Jacobi
$( \frac{-1}{m})^{x}=1$





$( \frac{-2m^{2}}{m+n})^{y}=(\frac{-2}{m+n})^{y}=\{\begin{array}{ll}(-1)^{y} if m+n\equiv 7 (mod8),1 if m+n\equiv 3 (mod8)\end{array}$
$( \frac{2m^{2}}{m+n})^{z}=(\frac{2}{m+n})^{z}=\{\begin{array}{ll}1 if m+n\equiv 7 (mod8),(-1)^{z} if m+n\equiv 3 (mod 8).\end{array}$
(iv) (ii,iii)
Notations. $m,$ $n$ ([25]
$n>1$ ). $m,$ $n$
$\alpha\geq 1,$ $\beta\geq 2,$ $i>1,$ $j>1$
$\vee^{-}-$
:
$m=2^{\alpha}i$ , $n=2^{\beta}j\pm 1$ $m$
$m=2^{\beta}j\pm 1$ , $n=2^{\alpha}i$ $m$
$\alpha,$
$\beta,$ $i,$ $j$ (2) $(x, y, z)$
$x,$ $y,$ $z$ parity
lemma (Main Theorem (iii) ).
Lemma 2.
(i) $\alpha>1,$ $\alpha\neq\beta,$ $2\alpha\neq\beta+1$ $x\equiv z(mod 2)$ .
(ii) $2\alpha\neq\beta+1$ $y>1$ $x\equiv z(mod 2)$ .
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(m) $2\alpha=\beta+1$ 2 $|x$ 2 $|z$ .
Proof. $\nu_{2}$ 2 $m$
(i) $2\alpha\neq\beta+1$ $x\not\equiv z(mod 2)$ Lemma 1(i)
2 $|x$ 2 $\dagger$ $z$ (2)
$(2mn)^{y}=(m^{2}+n^{2})^{z}-(m^{2}-n^{2})^{x}$
$\equiv zm^{2}n^{2z-2}+n^{2z}+xm^{2}n^{2x-2}-n^{2x}$ $(mod 2^{2\alpha+1})$
$\equiv m^{2}\underline{(zn^{2z-2}}$$+xn^{2x-2})+n^{2z}-n^{2x}$
$\equiv A+B$ ,
$A=m^{2}(zn^{2z-2}+xn^{2x-2})$ , $B=n^{2z}-n^{2x}$ .
$A,$ $B$ $\nu_{2}$
$\nu_{2}(A)=\nu_{2}(m^{2})=2\alpha$ ,




$2\alpha<\beta+1$ $(\alpha+1)y=2\alpha$ $y=1,$ $\alpha=1$
$2\alpha>\beta+1$ $(\alpha+1)y=\beta+1$ $y=1_{\dot{\ovalbox{\tt\small REJECT}}}\alpha=\beta$
(ii) (i) OK.
(iii) $2\alpha=\beta+1$ $2\beta=4\alpha-2$ $\alpha>1$
(2) $\alpha,$ $\beta,$ $i,$ $j$
$(2^{2\alpha}i^{2}-(2^{2\beta}j^{2}\pm 2^{\beta+1}j+1))^{x}+2^{(\alpha+1)y}k=(2^{2\alpha}i^{2}+(2^{2\beta}j^{2}\pm 2^{\beta+1}j+1))^{z},$ $2\{k$
$2^{4\alpha-2}$
$((i^{2}\mp j)2^{2\alpha}-1)^{x}+2^{(\alpha+1)y}k\equiv((i^{2}\pm j)2^{2\alpha}+1)^{z}$ $(mod 2^{4\alpha-2})$
$(-1)^{x-1}(i^{2}\mp j)2^{2\alpha}x+e+2^{(\alpha+1)y}k\equiv(i^{2}\pm j)2^{2\alpha}z+1$ , $e=\pm 1$ .
$e\equiv 1(mod 4)$ $e=1$ $\alpha>1$
$y>1$
$(-1)^{x-1}(i^{2}\mp j)x+2^{\alpha(y-2)+y}k\equiv(i^{2}\pm j)z$ $(mod 2^{2\alpha-2})$ .
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$(-1)^{x-1}(1\mp j)x\equiv(1\pm j)z$ $(mod 4)$
$i$ $x$ $z$
( ). $\square$
Lemma 3. $2\alpha=\beta+1$ $(x, y, z)$ (2) $x,$ $z$
$x=2X,$ $z=2Z$ $y>3$ $X$
$Z$
Proof. $D=(m^{2}+n^{2})^{Z}+(m^{2}-n^{2})^{X},$ $E=(m^{2}+n^{2})^{Z}-(m^{2}-n^{2})^{X}$
(2) $(2mn)^{y}=DE$ $D,$ $E$
$gcd(D, E)=2$ , $2^{(\alpha+1)y}\Vert$ DE.
$(m^{2}+n^{2})^{Z}\pm(m^{2}-n^{2})^{X}\equiv 0$ $(mod 2^{(\alpha+1)y-1})$
$y>3$ $(\alpha+1)y-1\geq 4\alpha+3$
$(m^{2}+n^{2})^{Z}\pm(m^{2}-n^{2})^{X}\equiv 0$ $(mod 2^{4\alpha-2})$
Lemma 2 $X$ $Z$
3. Proof of Main Theorem.
Main Theorem Step -
$D$armon, Merel Fermat
$x,$ $y,$ $z$ $\Rightarrow x/2,$ $y/2,$ $z/2$ ’
Lemma 3
‘ $2\alpha=\beta+1$ $x,$ $y,$ $z$ $\Rightarrow y\leq 3(\infty x=y=z=2)$
’




$A,$ $B,$ $C,p,$ $q,$ $r$
$ABC\neq$ O, gcd$(A, B, C)=1,$ $p>1,$ $q>1,$ $r>1$
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$AX^{l)}+B1^{\prime q}=CZ^{r}$ ,
$X,$ $Y,$ $Z\in \mathbb{Z},$ $gcd(X, Y)=1,$ $XYZ\neq 0$
Fermat (generalized Fermat equations)
lemma
Wiles Fermat ( )
Lemma 4 (Darmon-Merel [8]). $n\geq 3$
$X^{n}+Y^{n}=2Z^{n}$ , $gcd(X, Y)=1,$ $XYZ\not\in\{0, \pm 1\}$
$n\geq 4$
$X^{n}+Y^{n}=Z^{2}$ , $gcd(X, Y)=1,$ $XYZ\not\in\{0, \pm 1\}$
Lemma 4
Lemma 5 (Cao-Dong [4, 5]). $N>1$
$X^{2N}+Y^{4}=Z^{2}$ , $gcd(X, Y)=1,$ $XYZ\neq 0$
$X^{2N}+Y^{2}=Z^{4}$ , $gcd(X, Y)=1,$ $XYZ\neq 0,2|X$
Lemma
5
Proposition. $(x, y, z)$ (2) $x,$ $y,$ $z$
$x=2X,$ $y=2Y,$ $z=2Z$ $X,$ $Y,$ $Z$




$s,$ $t$ $s>t>$ O, gcd$(s, t)=1,$ $s\not\equiv t(mod 2)$
$(*)$ $Z<2X$ , $Z<2Y$




$Y>1$ Lemma 5 $Y=1$
$(*)$ $Z=1$ (2) $x=2(X=1)$
2 $\dagger$ $X$ 2 $\{Y$. 2 $\{Z$
2 $|Z$ (2)
$(2mn)^{2Y}+(m^{2}-n^{2})^{2X}=((m^{2}+n^{2})^{Z/2})^{4}$
$Y>1$ Lemma 5 $Y=1$
$Z=1$ 2 $(Z$
Lemma 6. $2\alpha=\beta+1$ $(x, y, z)$ (2)
$x\equiv z$ $(mod 2),$ $2|y$
$(x, y, z)=(2,2,2)$
Proof. Lemma 2 (iii) $x,$ $y,$ $z$
Proposition $x=2X,$ $y=2Y,$ $z=2Z,$ $2\{X,$ $2$ $\dagger$ $Z$ . Lemma 3 $y\leq 3$
$y=2(Y=1)$ $(*)$ $Z=1(z=2)$ , $x=2$
Proof of Main Theorem. $m\equiv 4(mod 8),$ $n\equiv 7(mod 16)$
$(x, y, z)$ (2) $\alpha=2,$ $\beta=3$ . $2\alpha=\beta+1$
Lemma 6 $x.y,$ $z$
$m$ Lemma 1 (i) 2 $|x$
$m+n\equiv 3(mod 8)$ Lemma 1 (iii) 2 $|z$
$m-n\equiv 5(mod 8)$ Lemma 1(iV) $y\equiv z(mod 2)$
$z$ $y$
$x,$ $y,$ $z$ $m\equiv 7(mod 16),$ $n\equiv 4(mod 8)$
Main Theorem
4. An analogue of Je\’{s}manowicz’ conjecture
[31] Jesmanowicz
Conjectute (M). $(a, b, c)$ $a^{2}+b^{2}=c^{2}$ $b$
(3) $c^{x}+b^{y}=a^{z}$ , $x,$ $y,$ $z\in \mathbb{N}$




Conjectute (M). $m,$ $n$
$m>n>$ O, gcd$(m, n)=1,$ $m\not\equiv n$ $(mod 2)$ .
(3) $(m^{2}+n^{2})^{x}+(2mn)^{y}=(m^{2}-n^{2})^{z}$ , $x,$ $y,$ $z\in N$




Theorem 7([31]). $n=1$ (M)





Theorem 9 $([32|)$ . $c\equiv 1(mod b)$ (M)
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